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Another construction of the braided T -category
Tao Yang ∗, Xiaoyan Zhou †
Abstract This paper introduces group-cograded monoidal Hom-Hopf
algebras, and shows that this kind of group-cograded monoidal Hom-
Hopf algebras are monoidal Hom-Hopf algebras in the Turaev category
Jk introduced by Canepeel and De Lombaerde. Then we define the
p-Yetter-Drinfeld category over a group-cograded monoidal Hom-Hopf
algebra, and construct a new kind of braided T -categories.
Key words Monoidal Hom-Hopf algebra, group-cograded, Yetter-
Drinfeld module, Turaev category.
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1 Introduction
Turaev (see [7, 8]) generalized quantum invariants of 3-manifolds to the case of a 3-
manifold M endowed with a homotopy class of maps M −→ K(G, 1), where K(G, 1) is
the Eilenberg-MacLane space as a target space determined by a group G. Braided crossed
categories based on a group G (i.e. braided T -categories in the sense of Turaev, is braided
monoidal categories in Freyd-Yetter categories of crossed G-sets (see [3]) play a key role
in the construction of these homotopy invariants.
One main question naturally arises: how to construct classes of new braided T -
categories? For this, Panaite and Staic (see [6]) and Zunino (see [13]) gave some in-
teresting constructions in Hopf algebra case. Following their motivated idea, Yang et al
(see [9, 10, 12]) generalized their work to multiplier Hopf algebra and weak Hopf algebra
cases, also the authors get some new classes of braided T -categories.
In [2], Caenepeel and Goyvaerts illustrated Hom-structures from the point of view of
monoidal categories and introduced monoidal Hom-Hopf algebras. Many of the classical
results in Hopf algebra theory can be generalized to the monoidal Hom-Hopf algebra
setting. Such as in [11], You and Wang generalized the braided T -category construction
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of Panaite and Staic to the monoidal Hom-Hopf algebra case. Motivated by this, in this
paper we mainly generalize the constructions shown in [13], replacing their Hopf group-
coalgebras by so-called monoidal Hom-Hopf group-coalgebras, and provide new examples
of braided T -categories.
The paper is organized in the following way.
In section 2, we recall some notions which we will use in the following, such as Hom-
category, monoidal Hom-Hopf algebras, and their modules and comodules.
In section 3, we give the definitions of group-cograded monoidal Hom-Hopf algebras,
monoidal Hom-Hopf T -coalgebras, and show some examples.
In section 4, based on the p-Yetter-Drinfeld module category over a monoidal Hom-
Hopf T -coalgebra, we give a method to construct a new class of braided T -categories,
which is the main result of this paper.
2 Preliminaries
Throughout this paper, all vector spaces, tensor products, and morphisms are over
a fixed field k. We use the Sweedler’s notation for terminologies on coalgebras. For a
coalgebra C, we write comultiplication ∆(c) = c(1) ⊗ c(2) for any c ∈ C, in which we often
omit the summation symbols for convenience. And we denote IdM for the identity map
from M to M .
2.1 Monoidal Hom-Hopf algebras
Let Mk = (Mk,⊗, k, a, l, r) be the category of k-modules. There is a new monoidal
category H(Mk): the objects are pairs (M,µ), where M ∈ Mk and µ ∈ Autk(M), and
the morphisms f : (M,µ) −→ (N, ν) in Mk such that ν ◦ f = f ◦ µ. For any objects
(M,µ) and (N, ν), the monoidal structure is given by
(M,µ)⊗ (N, ν) = (M ⊗N,µ ⊗ ν) and (k, Idk).
Briefly speaking, all Hom-structures are objects in the monoidal category H˜(Mk) =
(H(Mk),⊗, (k, Id), a˜, l˜, r˜), where the associator a˜ and the unitors l˜, r˜ are given by
a˜M,N,L = aM,N,L ◦ ((µ⊗ IdN )⊗ ς
−1) = (µ ⊗ (IdN ⊗ ς
−1)) ◦ aM,N,L,
l˜M = µ ◦ lM = lM ◦ (Id⊗ µ), r˜M = µ ◦ rM = rM ◦ (µ⊗ Id),
for any (M,µ), (N, ν), (L, ς) ∈ H˜(Mk) (see [2]). The category H˜(Mk) is called the Hom-
category associated to the monoidal category Mk.
In the following, we will recall from [2] some definitions about Hom-structures.
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A unital monoidal Hom-associative algebra (A,α) is an object in the Hom-category
H˜(Mk), together with an element 1A ∈ A and a linear map m : A⊗A −→ A, a⊗ b 7→ ab
such that for all a, b, c ∈ A,
α(a)(bc) = (ab)α(c), a1A = 1Aa = α(a), (2.1)
α(ab) = α(a)α(b), α(1A) = 1A. (2.2)
In this paper, the algebras we mainly considered are this kind of unital monoidal Hom-
associative algebras, and in the follwing we call them the monoidal Hom-algebras without
confusion. Let (A,α) and (A′, α′) be two monoidal Hom-algebras. A Hom-algebra map
f : (A,α) −→ (A′, α′) is a linear map such that f ◦ α = α′ ◦ f , f(ab) = f(a)f(b) and
f(1A) = 1A′ .
A counital monoidal Hom-coassociative coalgebra (monoidal Hom-coalgebra in short)
(C, γ) is an object in H˜(Mk) together with linear maps ∆ : C −→ C ⊗ C, c 7→ c(1) ⊗ c(2)
and ε : C −→ k such that for any c ∈ C,
γ−1(c(1))⊗∆(c(2)) = ∆(c(1))⊗ γ
−1(c(2)), c(1)ε(c(2)) = ε(c(1))c(2) = γ
−1(c), (2.3)
∆(γ−1(c)) = γ−1(c(1))⊗ γ
−1(c(2)), ε(γ
−1(c)) = ε(c). (2.4)
Let (C, γ) and (C ′, γ′) be two monoidal Hom-coalgebras. A Hom-coalgebra map f :
(C, γ) −→ (C ′, γ′) is a linear map such that f ◦γ = γ′ ◦f , ∆′ ◦f = (f ⊗f)∆ and ε′ ◦f = ε.
Recall from [5] that a monoidal Hom-bialgebra H = (H,α,m, 1H ,∆, ε) is a bialgebra
in H˜(Mk). This means (H,α,m, 1H ) is a monoidal Hom-algebra and (H,α,∆, ε) is a
monoidal Hom-coalgebra such that ∆, ε are Hom-algebra maps, i.e., for any h, g ∈ H,
∆(hg) = ∆(h)∆(g),∆(1H ) = 1H ⊗ 1H , (2.5)
ε(hg) = ε(h)ε(g), ε(1H ) = 1k. (2.6)
A monoidal Hom-bialgebra H = (H,α) is called a monoidal Hom-Hopf algebra if there is
a morphism (called the antipode) S : H −→ H in H˜(Mk) (i.e., S ◦ α = α ◦ S), which is
the convolution inverse of the identity morphism IdH , this means for any h ∈ H
S(h(1))h(2) = ε(h)1H = h(1)S(h(2)). (2.7)
2.2 Actions and coactions over monoidal Hom-(co)algebras
Let (A,α) be a monoidal Hom-algebra. A left (A,α)-Hom-module consists of (M,µ) ∈
H˜(Mk) with a morphism ψ : A ⊗M −→ M,a ⊗m 7→ am such that for all a, b ∈ A and
m ∈M ,
α(a)(bm) = (ab)µ(m), 1Am = µ(m), (2.8)
3
µ(am) = α(a)µ(m). (2.9)
Let (M,µ) and (N, ν) be two left (A,α)-Hom-modules, a morphism f : M −→ N is called
left A-linear if for any a ∈ A,m ∈M , f(am) = af(m) and f ◦ µ = ν ◦ f .
Let (C, γ) be a monoidal Hom-coalgebra. A right (C, γ)-Hom-comodule is an object
(M,µ) ∈ H˜(Mk) together with a linear map ρ :M −→M⊗C,m 7→ m(0)⊗m(1) in H˜(Mk)
such that
µ−1(m(0))⊗∆(m(1)) = m(0)(0) ⊗ (m(0)(1) ⊗ γ
−1(m(1))), m(0)ε(m(1)) = µ
−1(m), (2.10)
for all m ∈M . Indeed, ρ ∈ H˜(Mk) means
ρ(µ(m)) = µ(m(0))⊗ γ(m(1)). (2.11)
Let (M,µ) and (N, ν) be two right (C, γ)-Hom-comodules, a morphism g : M −→ N is
called right C-colinear if g◦µ = ν◦g and for anym ∈M , g(m)(0)⊗g(m)(1) = g(m(0))⊗m(1).
3 Group-cograded monoidal Hom-Hopf algebras
By Proposition 2.5 in paper [1], Hopf group-coalgebras (or in the other words group-
cograded Hopf algebras) are Hopf algebras in Turaev category Jk. It turns out that
many of the classical results in Hopf algebra theory can be generalized to the Hopf group-
coalgebra setting. Motivated by this, in the following, we will introduce the group-cograded
monoidal Hom-Hopf algebras. Firstly, we show the definition of group-cograded Hom-
coalgebra. Let G be a group with unit e.
Definition 3.1 A group-cograded monoidal Hom-coalgebra (C, γ) over group G is a
family of objects {(Cp, γp)}p∈G in H˜(Mk) together with linear maps ∆ = {∆p,q}p,q∈G,
∆p,q : Cpq −→ Cp ⊗ Cq, c 7→ c(1,p) ⊗ c(2,q) and ε : Ce −→ k such that
γ−1p (c(1,p))⊗∆q,r(c(2,qr)) = ∆p,q(c(1,pq))⊗ γ
−1
r (c(2,r)), ∀c ∈ Cpqr, (3.1)
c(1,p)ε(c(2,e)) = ε(c(1,e))c(2,p) = γ
−1
p (c), ∀c ∈ Cp, (3.2)
∆p,q(γ
−1
pq (cpq)) = γ
−1
p (c(1,p))⊗ γ
−1
q (c(2,q)), ∀c ∈ Cpq, (3.3)
ε(γ−1e (c)) = ε(c), ∀c ∈ Ce. (3.4)
Let (C, γ) and (C ′, γ′) be two group-cograded monoidal Hom-coalgebras over G. A
Hom-coalgebra map f : (C, γ) −→ (C ′, γ′) is a family of linear maps {fp}p∈G, fp :
(Cp, γp) −→ (C
′
p, γ
′
p) such that fp ◦ γp = γ
′
p ◦ fp, ∆
′
p,q ◦ fpq = (fp ⊗ fq)∆p,q and ε
′ ◦ fe = ε.
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Remark 3.2 (1) There are two trival examples: (a) If group G has only one element
e, then this definition is exactly the usual monoidal Hom-coalgebra. (b) If (D, ̺) is a
monoidal Hom-coalgebra, let Cp = D and γp = ̺ for every p ∈ G, then (C, γ) is a
group-cograded monoidal Hom-coalgebra.
(2) Group-cograded monoidal Hom-coalgebras are monoidal Hom-coalgebras in Turaev
category Jk. Indeed, let (C, γ) be a group-cograded monoidal Hom-coalgebra, (similar to
the proof of Proposition 2.2 in [1]) we define (C, γ) =
(
C = (G,C),∆ = (m,∆), ε =
(i, ε), γ = (IdG, γ)
)
with the monoidal Hom-coalgebra structure
C
ε
→ k C
∆
→ C ⊗C C
γ
→ C
G
i
← {∗} G
m
← G×G G
IdG← G
Ce = Ci(∗)
ε
→ k Cgh = Cm(g,h)
∆g,h
→ Cg ⊗ Ch Cg = CIdG(g)
γg
→ Cg.
Then (C, γ) is a monoidal Hom-coalgebra in Jk.
Definition 3.3 A group-cograded monoidal Hom-Hopf algebra (H =
⊕
p∈GHp, α =
{αp}p∈G) over G is a group-cograded monoidal Hom-coalgebra where each (Hp, αp) is a
monoidal Hom-algebra with multiplication mp and unit 1p endowed with antipode S =
{Sp}p∈G, Sp : Hp −→ Hp−1 ∈ H˜(Mk) (i.e., Sp ◦ αp = αp−1 ◦ Sp) such that
∆p,q(hg) = ∆p,q(h)∆p,q(g), ∆p,q(1pq) = 1p ⊗ 1q, ∀h, g ∈ Hpq (3.5)
ε(hg) = ε(h)ε(g), ε(1e) = 1k, ∀h, g ∈ He (3.6)
Sp−1(h(1,p−1))h(2,p) = ε(h)1p = h(1,p)Sp−1(h(2,p−1)), ∀h ∈ He. (3.7)
Note also that the (He, αe,me, 1e,∆e,e, ε, Se) is a monoidal Hom-Hopf algebra in the
usual sense of the word. We call it the neutral component of H.
In the following, we give a family of examples of group-cograded monoidal Hom-Hopf
algebras.
Example 3.4 LetH =
(⊕
p∈GHp,m = {mp}p∈G, 1,∆ = {∆p,q}p,q∈G, ε, S = {Sp}p∈G
)
be a Hopf group-coalgebra, then for α ∈ Aut(H) with αp = α|Hp : Hp −→ Hp, there is a
group-cograded monoidal Hom-Hopf algebra (H,α) with multiplication {αp ◦mp}p∈G and
comultiplication {∆p,q ◦ α
−1
pq }p,q∈G.
Indeed, for Hopf group-coalgebraH, the p-component (Hp,mp) is an algebra, by Propo-
sition 2.3 in [2] (Hp, αp ◦mp) is a monoidal Hom-algebra. And we can easily check that
(H,α) satisfies (3.1)-(3.7). Take (3.1) and (3.7) for example, denote mp = αp ◦ mp and
∆p,q = ∆p,q ◦ α
−1
pq , then for (3.1),
(α−1p ⊗∆q,r)∆p,qr(c)
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= (α−1p ⊗∆q,r)(α
−1
p (c(1,p))⊗ α
−1
qr (c(2,qr))) = α
−2
p (c(1,p))⊗ (α
−2
q (c(21,q))⊗ α
−2
r (c(22,r)))
= (α−2p (c(11,p))⊗ α
−2
q (c(12,q)))⊗ α
−2
r (c(2,r)) = ∆p,q(α
−1
pq (c(1,pq)))⊗ α
−2
r (c(2,r))
= (∆p,q ⊗ α
−1
r )∆pq,r(c),
where c ∈ Hpqr. For (3.7), we only check the left part, the right part is similar. For
h ∈ He,
mp(Sp−1 ⊗ IdHp)∆p−1,p(h) = mp
(
Sp−1α
−1
p−1
(h(1,p−1))⊗ α
−1
p (h(2,p))
)
= Sp−1(h(1,p−1))h(2,p) = ε(h)1p.
Proposition 3.5 Group-cograded monoidal Hom-Hopf algebras are monoidal Hom-
Hopf algebras in Turaev category Jk, and also group-cograded Hopf algebra in Hom-
category H˜(Mk).
Proof Similar to the proof of Proposition 2.5 in [1], let s : G −→ G, s(g) = g−1, and
consider a map S = (s, S) : H −→ H in Jk, we can easily get the first result.
Let (H,α) be a group-cograded monoidal Hom-Hopf algebra over G. If there is a
group homomorphism π : G −→ Aut(H), where Aut(H) denotes the group of Hom-
algebra automorphism on (H,α), we call π an admissible action of G on (H,α), if also the
following requirements hold:
(1) ∆ ◦ πp = (πp ⊗ πp)∆.
(2) πp(Hq) = Hϑp(q), πp ◦ αq = αϑp(q) ◦ πp, where ϑ is an action of the group G on itself.
(3) πϑp(q) = πpqp−1 , αϑp(q) = αpqp−1 .
If ϑ is the adjoint action itself, π is called a crossing.
Definition 3.6 A group-cograded monoidal Hom-Hopf algebra (H =
⊕
p∈GHp, α)
over G is said to be a monoidal Hom-Hopf T -coalgebra, provided it is endowed with a
crossing π preserves the comultiplication and counit, i.e.,
(πq ⊗ πq) ◦∆p,r = ∆qpq−1,qrq−1 ◦ πq, ε ◦ πq = ε (3.8)
and π is multiplicative in the sense that πpq = πpπq for all p, q, r ∈ G.
Proposition 3.7 Monoidal Hom-Hopf T -coalgebras are Hopf T -coalgebras in Hom-
category H˜(Mk).
Example 3.8 Let H = (
⊕
p∈GHp, {mp}p∈G, 1, {∆p,q}p,q∈G, ε, {Sp}p∈G) be a Hopf T -
coalgebra with the crossing action π. Then there is a group-cograded monoidal Hom T -
coalgebra (H,π) with multiplication {πp ◦mp}p∈G and comultiplication {∆p,q ◦π
−1
pq }p,q∈G.
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4 A new class of braided T -categories
In this section, we introduce the definition of p-Yetter-Drinfeld modules over a monoidal
Hom-Hopf T -coalgebra (H,α) with bijective antipode, and show a method to construct
the category YD(H) of Yetter-Drinfeld modules over (H,α), which is a braided T -category.
Definition 4.1 Let (H =
⊕
p∈GHp, α = {αp}p∈G) be a monoidal Hom-Hopf T -
coalgebra over group G and p a fixed element in G. A (left-right) p-Yetter-Drinfeld module
over (H,α) (or simply YDp-module) is an object (M,µ) ∈ H˜(Mk) such that
(1) (M,µ) is a left (Hp, αp)-module (with notation hp ⊗m 7→ hp ·m);
(2) (M,µ, ρM ) is a right (H,α)-module, i.e., there are a family of linear maps ρM =
{ρMp }p∈G, ρ
M
r :M −→M ⊗Hr,m 7→ m(0) ⊗m(1,r) in H˜(Mk) such that
µ−1(m(0))⊗∆p,q(m(1,pq)) = m(0)(0) ⊗ (m(0)(1,p) ⊗ α
−1
q (m(1,q))), (4.1)
m(0)ε(m(1,e)) = µ
−1(m), (4.2)
for all m ∈M . Indeed, ρM ∈ H˜(Mk) means for any r ∈ G
ρMr (µ(m)) = µ(m(0))⊗ αr(m(1,r)); (4.3)
(3) the compatibility condition
h(1,p) ·m(0) ⊗ h(2,r)m(1,r)
= µ((h(2,p) · µ
−1(m))(0))⊗ (h(2,p) · µ
−1(m))(1,r)πp−1(h(1,prp−1)). (4.4)
Given two YDp-modules (M,µ, ρ
M ) and (N, ν, ρN ), a morphism of this two YDp-
modules f : (M,µ, ρM ) −→ (N, ν, ρN ) is an (Hp, αp)-linear map such that f ◦ µ = ν ◦ f
and for any m ∈M and r ∈ G
ρNr ◦ f = (f ⊗ IdHr) ◦ ρ
M
r , (4.5)
i.e., f(m)(0) ⊗ f(m)(1,r) = f(m(0))⊗m(1,r). Then we have the category YD(H)p of YDp-
modules, the composition of morphisms of YDp-modules is the standard composition of
the underlying linear maps.
Remark (1) Equation (4.1) exactly means
a˜M,Hp,Hq(ρ
M
p ⊗ IdHq)ρ
M
q = (IdM ⊗∆p,q)ρpq. (4.6)
Equation (4.4) is equivalent to the following:
(hp ·m)(0) ⊗ (hp ·m)(1,r)
7
= αp(h(12,p)) ·m(0) ⊗ α
−1
r (h(2,r)m(1,r))S
−1
r πp−1αpr−1p−1(h(11,pr−1p−1)) (4.7)
for all hp ∈ Hp and m ∈M ∈ YDp.
(2) Let (H =
⊕
p∈GHp, α = {αp}p∈G) be a monoidal Hom-Hopf T -coalgebra, then
(H,α) is a left-right p-Yetter-Drinfeld module with the left (H,α)-action
h · g =
{
(h(2,q)α
−1
q (gq))S
−1αq−1(h(1,q−1)), for h ∈ He, g ∈ Hq,∀q ∈ G;
0, otherwise.
and right (H,α)-coaction by the Hom-comultiplication ∆ = {∆p,q}p,q∈G. (k, Idk) is a
left-right p-Yetter-Drinfeld module with the left (H,α)-action
h · k =
{
ε(h)k, for h ∈ He, k ∈ k;
0, otherwise.
and right (H,α)-coaction ρkr (k) = k⊗ 1Hr .
Proposition 4.2 If (M,µ, ρM ) ∈ YD(H)p, (N, ν, ρ
N ) ∈ YD(H)q, then (M ⊗ N,µ ⊗
ν) ∈ YD(H)pq with the module and comodule structures as follows:
h · (m⊗ n) = h(1,p) ·m⊗ h(2,q) · n, (4.8)
ρM⊗Nr (m⊗ n) = m(0) ⊗ n(0) ⊗ n(1,r)πq−1(m(1,qrq−1)), (4.9)
where m ∈M,n ∈ N , h ∈ Hpq.
Proof Obviously V ⊗W is a left (Hpq, αpq)-module, since for h, k ∈ Hpq,
αpq(h) · (k · (m⊗ n)) = αpq(h) · (k(1,p)m⊗ k(2,q)n)
= (αpq(h))(1,p)(k(1,p)m)⊗ (αpq(h))(2,q)(k(2,q)n)
= αp(h(1,p))(k(1,p)m)⊗ αq(h(2,q))(k(2,q)n)
= (h(1,p)k(1,p))µ(m)⊗ (h(2,q)k(2,q))ν(n)
= (hk) · ((µ ⊗ ν)(m⊗ n)),
1Hpq · (m⊗ n) = 1(1,p) ·m⊗ 1(2,q) · n = (µ ⊗ ν)(m⊗ n).
In the following, we first check that coassociative condition holds.
a˜M⊗N,Hr1 ,Hr2 (ρ
M⊗N
r1
⊗ IdHr2 )ρ
M⊗N
r2
(m⊗ n)
= a˜M⊗N,Hr1 ,Hr2 (ρ
M⊗N
r1
⊗ IdHr2 )(m(0) ⊗ n(0) ⊗ n(1,r2)πq−1(m(1,qr2q−1)))
= a˜M⊗N,Hr1 ,Hr2(
(m(0)(0) ⊗ n(0)(0) ⊗ n(0)(1,r1)πq−1(m(0)(1,qr1q−1)))⊗ n(1,r2)πq−1(m(1,qr2q−1))
)
= (µ⊗ ν)(m(0)(0) ⊗ n(0)(0))
⊗
(
n(0)(1,r1)πq−1(m(0)(1,qr1q−1))⊗ α
−1
r2
(n(1,r2)πq−1(m(1,qr2q−1)))
)
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= µ(m(0)(0))⊗ ν(n(0)(0))
⊗
(
n(0)(1,r1)πq−1(m(0)(1,qr1q−1))⊗ α
−1
r2
(n(1,r2))πq−1α
−1
r2
(m(1,qr2q−1)))
)
(4.1)
= (IdM⊗N ⊗∆r1,r2)
(
m(0) ⊗ n(0) ⊗ n(1,r1r2)πq−1(m(1,qr1r2q−1))
)
= (IdM⊗N ⊗∆r1,r2)ρ
M⊗N
r1r2
(m⊗ n).
Then the counitary condition (4.2) is easy to get.
Finally, we check the compatibility condition (4.4) as follows.
h(1,pq) · (m⊗ n)(0) ⊗ h(2,r)(m⊗ n)(1,r)
= h(1,pq) · (m(0) ⊗ n(0))⊗ h(2,r)
(
n(1,r)πq−1(m(1,qrq−1))
)
=
(
h(11,p) ·m(0) ⊗ h(12,q) · n(0)
)
⊗ h(2,r)
(
n(1,r)πq−1(m(1,qrq−1))
)
=
(
h(11,p) ·m(0) ⊗ h(12,q) · n(0)
)
⊗
(
α−1r (h(2,r))n(1,r)
)
αrπq−1(m(1,qrq−1))
=
(
α−1p (h(1,p)) ·m(0) ⊗ h(21,q) · n(0)
)
⊗
(
h(22,r)n(1,r)
)
αrπq−1(m(1,qrq−1))
(4.1)
=
(
α−1p (h(1,p)) ·m(0) ⊗ ν[(h(22,q) · ν
−1(n))(0)]
)
⊗(
(h(22,q) · ν
−1(n))(1,r)πq−1(h(21,qrq−1))
)
αrπq−1(m(1,qrq−1))
=
(
α−1p (h(1,p)) ·m(0) ⊗ ν[(h(22,q) · ν
−1(n))(0)]
)
⊗
α[(h(22,q) · ν
−1(n))(1,r)][πq−1(h(21,qrq−1)m(1,qrq−1))]
=
(
h(11,p) ·m(0) ⊗ ν[(α
−1
q (h(2,q)) · ν
−1(n))(0)]
)
⊗
α[(α−1q (h(2,q)) · ν
−1(n))(1,r)]πq−1 [h(12,qrq−1)m(1,qrq−1)]
(4.1)
=
(
µ[(h(12,p) · µ
−1(m))(0)]⊗ ν[(α
−1
q (h(2,q)) · ν
−1(n))(0)]
)
⊗
α[(α−1q (h(2,q)) · ν
−1(n))(1,r)]πq−1 [(h(12,p) · µ
−1(m))(1,qrq−1)πp−1(h(11,pqrq−1p−1))]
=
(
µ[(h(21,p) · µ
−1(m))(0)]⊗ ν[(h(22,q) · ν
−1(n))(0)]
)
⊗ α[(h(22,q) · ν
−1(n))(1,r)]
πq−1 [(h(21,p) · µ
−1(m))(1,qrq−1)πp−1α
−1
pqrq−1p−1
(h(1,pqrq−1p−1))]
=
(
µ[(h(21,p) · µ
−1(m))(0)]⊗ ν[(h(22,q) · ν
−1(n))(0)]
)
⊗
[(h(22,q) · ν
−1(n))(1,r)πq−1(h(21,p) · µ
−1(m))(1,qrq−1)]πq−1p−1(h(1,pqrq−1p−1))
= (µ⊗ ν)[(h(21,p) · µ
−1(m))(0) ⊗ (h(22,q) · ν
−1(n))(0)]⊗
[(h(22,q) · ν
−1(n))(1,r)πq−1
(
(h(21,p) · µ
−1(m))(1,qrq−1)
)
]πq−1p−1(h(1,pqrq−1p−1))
(4.9)
= (µ⊗ ν)[(h(21,p) · µ
−1(m)⊗ h(22,q) · ν
−1(n))(0)]⊗
[(h(21,p) · µ
−1(m)⊗ h(22,q) · ν
−1(n))(1,r)]πq−1p−1(h(1,pqrq−1p−1))
= (µ⊗ ν)[(h(2,pq) · (µ
−1(m)⊗ ν−1(n)))(0)]⊗
[(h(2,pq) · (µ
−1(m)⊗ ν−1(n)))(1,r)]πq−1p−1(h(1,pqrq−1p−1)).
This completes the proof. 
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Following the left index notation shown in [9] and [13], let (M,µ) ∈ YD(H)p, the
object qV has the same underling vector space as V . Given v ∈ V , we denote qv (qf) the
corresponding element (morphism) in qV .
Proposition 4.3 Let (M,µ, ρM ) ∈ YD(H)p and q ∈ G. Set
qM = M as a vector
space, with structures
hqpq−1 ⇀
qm = q(πq−1(hqpq−1) ·m), (4.10)
ρ
qM
r (
qm) = q(m(0))⊗ πq(m(1,q−1rq)) := (
qm)<0> ⊗ (
qm)<1,r>, (4.11)
for any m ∈M and aqpq−1 ∈ Hqpq−1 . Then
qV ∈ YD(H)qpq−1 .
Proof Obviously qV is a leftHqpq−1-module, conditions (4.1) and (4.2) are also satisfied.
In the following, we show that (4.7) holds.
(hqpq−1 ⇀
qm)<0> ⊗ (hqpq−1 ⇀
qm)<1,r>
= ρ
qM
r (hqpq−1 ⇀
qm) = ρ
qM
r (
q(πq−1(hqpq−1) ·m))
(4.11)
= q((πq−1(hqpq−1) ·m)(0))⊗ πq[(πq−1(hqpq−1) ·m)(1,q−1rq)]
= q(αpπq−1(h(12,qpq−1)) ·m(0))⊗ πq[α
−1
q−1rq
(πq−1(h(2,r))m(1,q−1rq))
S−1
q−1rq
πp−1αpq−1r−1qp−1πq−1(h(11,qpq−1r−1qp−1q−1))]
= q(πq−1(αqpq−1(h(12,qpq−1)) ·m(0))⊗
α−1r [h(2,r)πq(m(1,q−1rq)))]S
−1
r πqp−1αpq−1r−1qp−1πq−1(h(11,qpq−1r−1qp−1q−1))]
= αqpq−1(h(12,qpq−1))⇀
q(m(0))⊗
α−1r [h(2,qpq−1)πq(m(1,q−1rq)))]S
−1
r πqp−1q−1αqpq−1rqp−1q−1(h(11,qpq−1rqp−1q−1))
= αqpq−1(h(12,qpq−1))⇀ (
qm)<0> ⊗
α−1r [h(2,qpq−1)(
qm)<1,r>)]S
−1
r πqp−1q−1αqpq−1rqp−1q−1(h(11,qpq−1rqp−1q−1))
This completes the proof. 
Remark Let (M,µ, ρM ) ∈ YD(H)p and (N, ν, ρ
N ) ∈ YD(H)q, then we have
stM =
s(tM) as an object in YD(H)stpt−1s−1 , and
s(M ⊗ N) = sM ⊗ sN as an object in
YD(H)spqs−1 .
Proposition 4.4 Let (M,µ, ρM ) ∈ YD(H)p and (N, ν, ρ
N ) ∈ YD(H)q. Set
MN = pN
as an object in YD(H)pqp−1 . Define the map
cM,N : M ⊗N −→
MN ⊗M,
cM,N (m⊗ n) =
p(Sq−1(m(1,q−1)) · ν
−1(n))⊗ µ(m(0)). (4.12)
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Then cM,N is (H,α)-linear, (H,α)-colinear and satisfies the the Hexagon axiom in [4]
(IdMN ⊗ cM,X) ◦ a˜MN,M,X ◦ (cM,N ⊗ IdX) = a˜MN,MX,M ◦ cM,N⊗X ◦ a˜M,N,X (4.13)
a˜−1M⊗NX,M,N ◦ cM⊗N,X ◦ a˜
−1
M,N,X = (cM,NX ⊗ IdN ) ◦ a˜
−1
M,NX,N
◦ (IdM ⊗ cN,X) (4.14)
for (X, η, ρX ) ∈ YD(H)s. Moreover, csM,sN =
s(·) ◦ cM,N .
Proof Firstly, we prove that cM,N is (H,α)-linear. We compute
cM,N (hpq · (m⊗ n))
= cM,N (h(1,p) ·m⊗ h(2,q) · n)
= p(Sq−1((h(1,p) ·m)(1,q−1)) · ν
−1(h(2,q) · n))⊗ µ((h(1,p) ·m)(0))
= p
(
Sq−1 [α
−1
q−1
(h(12,q−1)m(1,q−1))S
−1
q−1
πp−1αpqp−1(h(111,pqp−1))] · ν
−1(h(2,q) · n)
)
⊗µ(αp(h(112,p)) ·m(0))
= p
(
[πp−1αpqp−1(h(111,pqp−1))Sq−1α
−1
q−1
(h(12,q−1)m(1,q−1))] · (α
−1
q (h(2,q)) · ν
−1(n))
)
⊗µ(αp(h(112,p)) ·m(0))
= p
(
[
(
πp−1(h(111,pqp−1))Sq−1α
−2
q−1
(h(12,q−1)m(1,q−1))
)
α−1q (h(2,q))] · n)
)
⊗µ(αp(h(112,p)) ·m(0))
= p
(
[αqπp−1(h(111,pqp−1))
(
Sq−1α
−2
q−1
(h(12,q−1)m(1,q−1))α
−2
q (h(2,q))
)
] · n)
)
⊗µ(αp(h(112,p)) ·m(0))
= p
(
[αqπp−1(h(111,pqp−1))
(
[Sq−1α
−2
q−1
(m(1,q−1))Sq−1α
−2
q−1
(h(12,q−1))]α
−2
q (h(2,q))
)
] · n)
)
⊗µ(αp(h(112,p)) ·m(0))
= p
(
[αqπp−1(h(111,pqp−1))
(
Sq−1α
−1
q−1
(m(1,q−1))[Sq−1α
−2
q−1
(h(12,q−1))α
−3
q (h(2,q))
)
] · n)
)
⊗µ(αp(h(112,p)) ·m(0))
= p
(
[πp−1α
−1
pqp−1
(h(1,pqp−1))
(
Sq−1α
−1
q−1
(m(1,q−1))[Sq−1α
−1
q−1
(h(221,q−1))α
−1
q (h(222,q))]
)
] · n)
)
⊗µ(h(21,p) ·m(0))
= p
(
[πp−1α
−1
pqp−1
(h(1,pqp−1))
(
Sq−1α
−1
q−1
(m(1,q−1))ε(h(22,e)1Hq )
)
] · n)
)
⊗µ(h(21,p) ·m(0))
= p
(
[πp−1α
−1
pqp−1
(h(1,pqp−1))Sq−1(m(1,q−1))] · n)
)
⊗ µ(α−1p (h(2,p)) ·m(0)),
and
hpq · cM,N (m⊗ n)
= hpq · (
p(Sq−1(m(1,q−1)) · ν
−1(n))⊗ µ(m(0)))
= h(1,pqp−1) ·
p(Sq−1(m(1,q−1)) · ν
−1(n))⊗ h(2,p) · µ(m(0))
(4.10)
= p(πp−1(h(1,pqp−1)) · (Sq−1(m(1,q−1)) · ν
−1(n)))⊗ h(2,p) · µ(m(0))
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= p
(
(αqπp−1(h(1,pqp−1))Sq−1(m(1,q−1))) · n
)
⊗ h(2,p) · µ(m(0)).
Secondly, we can check that cM,N is (H,α)-colinear, i.e., ρ
MN⊗M
r ◦ cM,N = (cM,N ⊗
IdHr) ◦ ρ
M⊗N
r . In fact,
ρ
MN⊗M
r ◦ cM,N (m⊗ n)
= ρ
MN⊗M
r
(
p(Sq−1(m(1,q−1)) · ν
−1(n))⊗ µ(m(0))
)
= [p(Sq−1(m(1,q−1)) · ν
−1(n))]<0> ⊗ µ(m(0))(0) ⊗
µ(m(0))(1,r)πp−1
(
[p(Sq−1(m(1,q−1)) · ν
−1(n))]<1,prp−1>
)
= p(
(
Sq−1(m(1,q−1)) · ν
−1(n)
)
(0)
)⊗ µ(m(0))(0) ⊗
µ(m(0))(1,r)πp−1
(
πp[
(
Sq−1(m(1,q−1)) · ν
−1(n)
)
(1,r)
]
)
(4.7)
= p(αqSq−1(m(121,q−1)) · ν
−1(n(0)))⊗ µ(m(0)(0))⊗
α(m(0)(1,r))
(
α−1r [Sr−1(m(11,r))α
−1
r (n(1,r))]πq−1αqrq−1(m(122,qrq−1))
)
= p(αqSq−1(m(121,q−1)) · ν
−1(n(0)))⊗ µ(m(0)(0))⊗(
m(0)(1,r)(α
−1
r [Sr−1(m(11,r−1))α
−1
r (n(1,r))])
)
πq−1α
2
qrq−1(m(122,qrq−1))
= p(αqSq−1(m(121,q−1)) · ν
−1(n(0)))⊗ µ(m(0)(0))⊗(
[α−1r (m(0)(1,r))α
−1
r Sr−1(m(11,r−1))]α
−1
r (n(1,r))
)
πq−1α
2
qrq−1(m(122,qrq−1))
= p(αqSq−1(m(121,q−1)) · ν
−1(n(0)))⊗m(0) ⊗(
[α−1r αr(m(111,r))α
−1
r Sr−1αr−1(m(112,r−1))]α
−1
r (n(1,r))
)
πq−1α
2
qrq−1(m(122,qrq−1))
= p(αqSq−1(m(121,q−1)) · ν
−1(n(0)))⊗m(0) ⊗ n(1,r)ε(m11,e)πq−1α
2
qrq−1(m(122,qrq−1))
= p(αqSq−1αq−1(m(0)(1,q−1) · ν
−1(n(0)))⊗ µ(m(0)(0))⊗
n(1,r)πq−1α
2
qrq−1α
−2
qrq−1
(m(1,qrq−1))
= p(Sq−1(m(0)(1,q−1) · ν
−1(n(0)))⊗ µ(m(0)(0))⊗ n(1,r)πq−1(m(1,qrq−1)),
and
(cM,N ⊗ IdHr) ◦ ρ
M⊗N
r (m⊗ n)
= (cM,N ⊗ IdHr)(m(0) ⊗ n(0) ⊗ n(1,r)πq−1(m(1,qrq−1)))
= (p(Sq−1(m(0)(1,q−1)) · ν
−1(n(0)))⊗ µ(m(0)(0)))⊗ n(1,r)πq−1(m(1,qrq−1))).
Thirdly, cV,W satisfies the conditions (4.13) and (4.14). Here we only check (4.13),
condition (4.14) is similar.
(IdMN ⊗ cM,X) ◦ a˜MN,M,X ◦ (cM,N ⊗ IdX)((m ⊗ n)⊗ x)
= (IdMN ⊗ cM,X) ◦ a˜MN,M,X
(
[p(Sq−1(m(1,q−1)) · ν
−1(n))⊗ µ(m(0))]⊗ x
)
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= (IdMN ⊗ cM,X)
(
ν
(
p(Sq−1(m(1,q−1)) · ν
−1(n))
)
⊗ [µ(m(0))⊗ η
−1(x)]
)
= ν
(
p(Sq−1(m(1,q−1)) · ν
−1(n))
)
⊗
(
p(Ss−1(µ(m(0))(1,s−1)) · η
−2(x))⊗ µ(µ(m(0))(0))
)
= ν
(
p(Sq−1(m(1,q−1)) · ν
−1(n))
)
⊗
(
p(Ss−1(αs−1(m(0)(1,s−1))) · η
−2(x))⊗ µ2(m(0)(0))
)
= ν
(
p(Sq−1αq−1(m(12,q−1)) · ν
−1(n))
)
⊗
(
p(Ss−1(αs−1(m(11,s−1))) · η
−2(x))⊗ µ(m(0))
)
= p
(
Sq−1α
2
q−1(m(12,q−1)) · n
)
⊗
(
p(Ss−1(αs−1(m(11,s−1))) · η
−2(x))⊗ µ(m(0))
)
,
and
a˜MN,MX,M ◦ cM,N⊗X ◦ a˜M,N,X((m⊗ n)⊗ x)
= a˜MN,MX,M ◦ cM,N⊗X(µ(m)⊗ (n⊗ η
−1(x)))
= a˜MN,MX,M
[
p
(
S(qs)−1(µ(m)(1,(qs)−1)) · (ν
−1(n)⊗ η−2(x))
)
⊗ µ(µ(m)(0))
]
= a˜MN,MX,M
[
p
(
S(qs)−1α(qs)−1(m(1,(qs)−1)) · (ν
−1(n)⊗ η−2(x))
)
⊗ µ2(m(0))
]
= a˜MN,MX,M[
p
(
Sq−1αq−1(m(12,q−1)) · ν
−1(n)⊗ Ss−1αs−1(m(11,s−1)) · η
−2(x)
)
⊗ µ2(m(0))
]
= ν(p
(
Sq−1αq−1(m(12,q−1)) · ν
−1(n)
)
)⊗
[
p
(
Ss−1αs−1(m(11,s−1)) · η
−2(x)
)
⊗ µ(m(0))
]
= p
(
Sq−1α
2
q−1(m(12,q−1)) · n
)
⊗
[
p
(
Ss−1αs−1(m(11,s−1)) · η
−2(x)
)
⊗ µ(m(0))
]
.
Finally, we check the last condition csM,sN =
s(·) ◦ cM,N . Indeed,
csM,sN (
sm⊗ sn)
= sps
−1
(Ssq−1s−1((
sm)<1,sq−1s−1>)⇀ ν
−1(sn))⊗ µ((sm)<0>)
= sps
−1
(Ssq−1s−1(πs(m(1,q−1)))⇀
s(ν−1(n)))⊗ µ(s(m(0)))
= sps
−1
(
s[πs−1Ssq−1s−1(πs(m(1,q−1))) · ν
−1(n)]
)
⊗ µ(s(m(0)))
= sp
(
Sq−1(m(1,q−1)) · ν
−1(n)
)
⊗ s(µ(m(0)))
= s
(
p
(
Sq−1(m(1,q−1)) · ν
−1(n)
)
⊗ µ(m(0))
)
= s(·) ◦ cM,N (m⊗ n).
This completes the proof. 
Define YD(H) as the disjoint union of all YD(H)p with p ∈ G. If we endow YD(H)
with tensor product as in Proposition 4.2, then it becomes a monoidal category. The unit
is (k, Idk) with trivial structures.
The group homomorphism φ : G −→ aut(YD(H)), p 7→ φp is given on components as
φp : YD(H)q −→ YD(H)pqp−1 , φp(N) =
pN,
13
where the functor φp act as follows: given a morphism f : (M,µ, ρ
M ) −→ (N, ν, ρN ), for
any m ∈M , we set (pf)(pm) = p(f(m)).
The braiding in YD(H) is given by the family {cM,N}. As a consequence of the above
results, we obtain the main result of this paper:
Theorem 4.5 For a monoidal Hom-Hopf T -coalgebra (H,α), YD(H) is a braided
T -category over group G.
The braiding in YD(H) is invertible, the inverse is given as follows.
Proposition 4.6 Let (M,µ, ρM ) ∈ YD(H)p and (N, ν, ρ
N ) ∈ YD(H)q. Then
c−1M,N :
MN ⊗M −→M ⊗N, c−1M,N (
pn⊗m) = µ(m(0))⊗m(1,q) · ν
−1(n). (4.15)
Proof It is straightforward. 
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